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Remark: Each question carries 20 marks. Answer any five questions.

1. Let n ≥ 3 and let X be a family of n mutually orthogonal partitions of a set of
size n2.

(a) Show that each member of X consists of n cells of size n each.

(b) Show that X extends uniquely to a family of n + 1 mutually orthogonal
partitions of its ground set.

2. (a) Prove that the dual of any oval in a projective plane of odd order is an
oval in the dual plane.

(b) Count the total number of hyper ovals in a projective plane of order 4.

3. (a) Classify up to isomorphism all connected graphs (finite or infinite) with
maximum degree ≤ 2.

(b) Use part (a) to prove the Schroeder - Bernstein theorem.

4. Let G be a minimal imperfect graph of order n.

(a) Show that G has exactly n cliques of size w(G) and n cocliques of size
α(G).

(b) Show that each vertex of G is in α(G) cocliques of size α(G) and in w(G)
cliques of size w(G).

5. (a) Show that any square 2 - design of order n on 4n − 1 points is either a
Hadamard design or its complement.

(b) Let d = 4n − 1. Show that there is a Hadamard matrix of order 4n iff
there is a regular simplex ∆ inscribed in the hypercube C = [0, 1]d in Rd,
such that each vertex of ∆ is a vertex of C. (A regular simplex in Rd is
the convex hull of d+ 1 equidistant points.)

6. (a) Classify all extended Dynkin diagrams, i.e., connected graphs with Perron
eigenvalue = 2.

(b) Hence classify all Dynkin diagrams, i.e., connected graphs with Perron
eigenvalue < 2.
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